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Abstract: We prove a necessary condition that has every extremal sequence for the 
Bellman function of the dyadic maximal operator. This implies the weak-L p uniqueness 
for such a sequence. 



1. Introduction 

The dyadic maximal operator on M. n is defined by 

Md4>(x) = sup | — f \<j){u)u : x G Q, Q C IR n is a dyadic cube! (1.1) 

I \Q\ Jq J 

for every cj> G L^ QC (M. n ), where | • | is the Lebesgue measure on R n and the dyadic cubes 
are those formed by the grids 2~ N Z n , N = 0, 1, 2, . . . . 

It is well known that it satisfies the following weak type (jl.ip inequality: 

|{xeR 6 :M^)>A}|<|/ \Hu)\du, (1.2) 

A J{M d 4>>\} 

for every 4> G L 1 (M n ) and A > 0. 

From (jl.2p it is easy to prove the following L p -inequality 

||^|| P <^-||^|| P . (1.3) 
p — 1 

It is easy to see that (jl.2p is best possible, while (jl.3p is sharp as it can be seen in [5]. 
(See also [1] and [2] for general martingales). 

A way of studying the dyadic maximal operator is to find certain refinements of 
inequalities satisfied for it. 



In this direction the Bellman function of two variables for p > 1, has been introduced 
by the following way: 
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T p (f,F) = sup{jL J (M d <l>) p -.</>> 0, I <f>(v)du = f, 



W\lf {u)du = F } (L4) 



'Q 

where Q is a fixed dyadic cube on M n and < f p < F. 

The function given in (jl.4p has been explicitely computed. Actually, this is done in 
a much more general setting of a non-atomic probability measure space (X, /i) where 
the dyadic sets are now given in a family of sets T, called tree, which satisfies conditions 
similar to those that are satisfied by the dyadic cubes on [0, l] n . 

Then the associated dyadic maximal operator M.j- is defined by 

M T <\>{x) = sup S-L^J^\d f i:xGler\, (1.5) 
where <fi G L (X, /i). 

Then the Bellman function (for a given p > 1) of two variables associated to Mj- 
is then given by 

5 p (/,F)=sup|^(^ r 0) p d/i:<A>O, J x ^ = f, J ^dy. = A (1.6) 
where < f p < F. 

In @], {TSJ) has been found to be S p {f,F) = Fuj p (f p /F) p where uj p : [0,1] -> 
[l, is the inverse function H~ x of H p defined on [l, by H p (z) = — (p — l)z p + 
pz p ~ l . 

As a result the Bellman function is independent of the measure space (X, (i) and 
the underlying tree T ■ 

In this paper we study those sequences of functions: ((fin)n, that are extremal for the 
Bellman function (jl.6p . That is (j) n : (X, ji) — > R + , n = 1, 2, . . . satisfy J x (p n dfi = /, 
J x (fi^idy = F and 

lim / (M T <t>n) p d» = Fu p {f p /F) p . (1.7) 
n Jx 

In Section 3 we prove the following 

Theorem 1.1. Let <j) n : (X,fi) — > R + 6e as above. Then for every I G T , 

lim — / (f> n dy = f and lim ^ / cj$Ldy = F. (1.8) 
« M (J) ,/ 7 n ^(J) 7 7 
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Additionally: 




for every I E T . 



□ 



This gives as an immediate result that extremal functions do not exist for the 
Bellman function. Another corollary is the weak-L p uniqueness of such a sequence in 
all interesting cases. In other words if (4> n )n, (<?n)n are extremal sequences for f j 1 . 4 [) . 



Then the following questions arise naturally: 

Question 1: Is an extremal sequence strong L p -unique. By this we mean that we ask 
the following: 
Let (6 

n)ni {,9n)n be extremal sequences. Does it hold that 



Additionally we mention that (|1 .8|) is not sufficient for a sequence (tp n )n to be 
extremal. So we may ask the following: 

Question 2: Are there any necessary additional conditions that together with (|1.8p 



In these questions we hope to answer in the near future. 

2. Extremal sequences 

Let (X, (i) be a non-atomic probability measure space. We give the following 

Definition 2.1. A set T of measurable subsets of X will be called a tree if the following 
are satisfied: 

i) X G T and for every I £ T, > 0. 

ii) For every I S T there corresponds a finite or countable subset C(I) ofT contain- 
ing at least two elements such that 

(a) the elements ofC(I) are disjoint subsets of I 




i = 1. 




□ 



guarantee the externality of the sequence (</> ra )„ ? 



□ 



(b) I = UC(I) 
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Hi) T = |^J T(ra), where T(p) = {X} and 

m>0 

r {m +i)= U C W- 

iv) The following holds lim sup = 0. □ 

1 1 / (m) 

Definition 2.2. Given a tree T we define the maximal operator associated to it as 
follows: 

Mt4>{x) = sup | — !yy J \<j)\dn : x G I G T j 
for every <f) G L 1 (X, fi) . □ 

From [4] we obtain the following: 
Theorem 2.1. TTie following holds 

sup | J (MrWdn : > 0, y <j)dn = f, J x <p p dn = F j = Fui p {P/Ff, 

for < f p < F. □ 

At last we give the following 

Definition 2.3. Let ((j) n )n be a sequence of non-negative measurable functions defined 
on X and < f v < F, p > 1. (4> n ) n is called (p,f,F) extremal, or simply extremal if 
the following hold: 

/ <f> n dfj, = f, / <f$ l dfj, = F, for every n = l,2, ... 
Jx Jx 

lim f (Mr^nfdfx = Foj p (fP/Ff. 
n Jx 

3. Main theorem 

Theorem 3.1. Let {4> n ) n be an extremal sequence. Then for every I G T the following 
hold: 



i) lim / <f>ndn = f 

n M-0 J i 

ii) lim -— / <%dn = F 
n M 1 ) J i 



in) lim fjiMr^nfdfi = Fu p (fP/F)P. 
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Proof. We remind that 7(q) = {X} and T = T( m y We prove this theorem for 



m>0 



I G 7(i). Then inductively it holds for every / G 7( m ), m > 1. 

Suppose then that 7(1) = {ifc, = 1, 2, . . .} and I = I\. We now set 



= "TFT / ^ nd ^ fn = ~n? — rr / <M//, 



^- / cfcdfj,, for n = l,2,..., (3.1) 
\ h) Jx^h 



The above sequences are obviously bounded, so passing to a subsequence we may 
suppose that 

lim/*=/* and lim F l n = F\ for i = l,2. 

n n 

For any J 6 T define 

Mj</>(t) = su V ^^^— J^ldfi-.tGK eTj\, for teJ, 
where 7j is defined by 

Tj = {K eT:KQJ}. 

Consider the measure space (J, ^jf)? the tree 7j and the associated maximal op- 
erator Mj. Then using Theorem ll.il we have that 



M (J) 



(p p dfi ■ uip 



M7) fj Wl* 



for every (j) G L P (J), where uj p : [0, 1] — > [l, ^rjj] is Hp 1 , with 



(3.2) 



H p {z) = -{p-l)zP + pzP- 1 , ze 



p — 1 



3.2j) now gives (since 7f p is decreasing) we have that 



i/ P \ 



> 



which gives 



-(p-1) / (Mj 



) p d^+p(^j fd^j /P (f{M 



,4>) p d^ 



1 



M (J)p-i 



<f>dfi + 8<h,j, 



(3.3) 
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for some 5& j > positive constant depending on <j) and J. 
For <j) = <j) n and J = lj, £ = 1, 2, . . . we obtain from (|3.3 

\ i/p 



-(p-1) J i {M Ii <t>n) p dv+p( K j i ftd/i) 



(M U <P n ) P dfI 



y^i(^J <t>ndfJ^J +5 n> i, for every re = 1,2, ... and z = l,2, ... 



Summing relations (|3.4j) for i > 2 we obtain 



+oo . +00 x ■ \ X/p / „ \ 1- 



-rou „ t-oo / /■ \ i/p / <> 

In view now of Holder's inequality in its primitive form: 

/ \ 1 /p / \ 1 /i 

e^<(e<) (e>?) > 

for Oj, 6j > and g = p/p — 1, (j3.5[) gives 

\ i/p 



(p-l)A 2 (n)+p^J x i <P p n df?j ■ [^(n)] 1 ? 
+oo - / r \ p 

-5m^U"v where 



^(n) =J2 (M h 4>n) p dii. 

i=2 



+oo 



(In the last inequality we used the fact that X \ I\ = I{ 

i=2 

We use now Holder's inequality in the following form: 



(Ai + A2 + • • • + A m ) p A2 t Am 



p-i 



((71 + (T 2 + • • • + ^jP- 1 " fjP- 1 of" 1 CT m 

where Oj, V i = 11, 2, . . . and Aj > 0, and obtain: 



i=2 

We also set 



A 3 (n)= f {M T 4>n) p dp, for n = 1,2,... . 



Then by definition of Mi i we have that 

A 3 (n) > A 2 (n). (3.10) 
From the above we have then that: 

- (p - l)A 2 (n) +p»(X x hf/^Flf/^A^n)) 1 ^ = »(X x I^flf + (3.11) 

where Sk > Yl $n,i- 

i=2 

By passing to a subsequence we may suppose that lim^^n) = ^3. 

n 

We will use now the following Lemma, the proof of which will be given at the end 
of this section. 

Lemma 3.1. If (4> n )n is extremal then we have that 

lim n{{M T <i>n = f}) = 0. 

n 

□ 

From this Lemma and Definitions (3.7) and (3.9) we easily obtain that limyWn) = 

n 

lim Az{n) = A3, in view of the fact that / € Tn\ for i = 2, 3, . . . . (|3.11|) now becomes 

-(p-1)/ (M T M p d^ + pKX^h) 1/p (F^( I (M T <Pn) p dS P 

= ^{X^I l )(f 2 n Y + 5l (3.12) 

where |<5" — 5' n \ — > 0, as n — > +00. 
In the same way we have that: 

= n{h){tiY + el (3.13) 
where e" is such that |e" — e' n \ — > 0, n — > +00 for some sequence e' n for which 

Summing now (I3.12D and (|3,13p and using Holder's inequality in both previously 
mentioned forms we have that: 



l-i 

V 



-(p-1) [ (M T (pn) p d^ + pF 1/p ( [ (M T <Pn) p dfi 
Jx \Jx / 

> rihXfky + KX x h){f 2 n ) p + < + e" n > fP + C + <, (3-14) 
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which gives 

-(p-1) j^M T <l>i) p dii+pF l lv(J^MT<i>n) p di^ P =r + $ n , (3.15) 

where ■&„ > 6% + e£, n = 1, 2, . . . . 

The hypothesis now for (0 n ) is that 

lim f {M T ^nfdii = Fu p (fP/F)P. 
n Jx 

This gives $ n — > in (|3.15p . so 

lim^ + Urns' < =^ <5' 0, s' 0, ^ ->> 0, e" -> 0. 

n 

As a consequence we have 

M (j 1 )(/ 1 r + M (X\/ 1 )(/ 2 ) ? ' = / p 

because of equality in (I3.14p . as n — > +oo. 

Since now ^(Ii)/ 1 + \ I\)f 2 = f and t h-> i p is strictly convex on (0, +oo) we 
have that f 1 = f 2 = f. 

Since now <5" — > 0, we have because of (I3.12p and f 2 = f that 

hm * — / (M T <pn) p dv = F 2 u p (f/F 2 y. (3.16) 

Similarly 

hm^_ /" (M T <t>n) p dn = F x u p {p/F x Y. (3.17) 

n M J 

Since (4> n )n is extremal the last two equations give 

• F 1 u p (fP/F 1 y + fx(X x JO • F 2 u p {f/F 2 f = Futf/F). (3.18) 

But as we shall prove in Lemma 13.21 below the following function t i— >■ toj p (f p /t) p , 
t £ (/ p , +oo) is strictly concave. So since ^{I\)F\ + /zpT \ JO Jb = F we have because 
of (l3T8jl that Fi = F 2 = F and because of (l3~T71k 

lim-i- [(M T K) p dv = Fu Jp (fP/Fy, 

and Theorem 13. II is now proved. □. 
We prove now the following 
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Lemma 3.2. Let G : (l,+oo) M+ defined by G(t) = toj p (l/t) p . Then G is strictly 
concave. 

Proof. It is known from [1] that co p satisfies 

So we can easily see that 

G\t)=u p {l/t) P + J ^\ .ff. and 
p — 1 t Up(l/t) — 1 

1 1/ 



G"(t) = 

w p-i *Vs(t)-i, 

where g is defined on (1, +oo) by g(t) = co p (l/t). Since g'(t) > 0, V t > 1, we have that 
G"(i) < 0, V f > 1 and Lemma [3J|] is proved. □ 

We continue now with 

Proof of Lemma 3.1: Let us suppose first that <p n are T-simple functions that is for 
every n, there exists a m n such that <j) n is constant on each / € T( mn y That is <^>„ is 
T-good in the sense of [3], for every n. If we look at the proof of Lemma 9 in [3] p. 324- 
326 we see that in all inequalities (4.20), (4.22), (4.23), (4.24) we should have equality 
in the limit. So as a result we must have that -nm — a „\ n -i — ^aP-/^ — > io , , for 
(3 = uj p (f p /F) - 1, where = = a™, where a" = //({TVfr^n = /})• But this can 
happen only if a" — >• 0. So the proof is completed in the case of T-simple functions. 
As for the general case, it is not difficult to see that if (4> n )n is an extremal sequence 
of measurable functions, then we can construct a sequence of T-simple functions such 
that J x g n d\i = /, f x gnd/j, < F and 

lim f g p n dfi = F, lim f (M T ^n) p dii = Fu p {f/Ff. 
n Jx n Jx 

Additionally, we can arrange every thing in such a way that {Mj-<j) n = /} C {M-j-g n = 

/}• 

Using the same arguments as before for (g n ) n we can prove that lim fi({AiT9n = 

n 

/}) = 0. So lim ^,{{M.j-(f> n = /}) = and Lemma [3TT1 is proved. □ 

n 

We now give some applications of the above. 
First we prove the following 

Corollary 3.1. I/O < f p < F then there do not exist extremal functions for the 
Bellman function 7~ p (f, F) described in ji.^| ). 
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/ (j)da = f and / c^dii = F, 

7/ MlO 7/ 



Proof. Let be an extremal function for (|1.4|) . Applying Theorem 13.11 we see that 

1 /" , . . .1 

for every / dyadic sub cube of Q. 

As we can see in |3j inequality (11.2p implies that the base of dyadic sets of the tree 
T differentiates L 1 (Q). That is 

<f>{x) = f a.e and 
4P(x) = F -a.e. 

This gives f p = F, which is a contradiction. □ 
We also prove 

Corollary 3.2. Let T p (f, F) be described by Then if (<f) n ) n , (g n )n are extremal 

sequences for this function, we must have (f> n — gn — ^ 0, on M. n as n — >• +oo. 

Proof. Of course we have that 

lim-j— ■ / c[) n (u)du = lim-j— ■ / g n (u)du = f. 
n \I\ Ji n \I\ Ji 

So lim / (jf>n — gn)£,i(u)du = 0, for every dyadic subcube ICQ. 
n JQ 

Since linear combinations of the characteristic functions of the dyadic subcubes of 

Q are dense in L q (Q) we should have that lim / (6 n — g n )h = 0, for every h € L q (Q), 

n JQ 

i / w(LP) 

that is (p n — g n — > 0, as n — > +oo. □ 
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